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The problem of K+-nucleus scattering and charge exchange is treated in a multiple scattering (op-
tical model) formalism. Comparison is made with existing data and fair agreement is found between
theory and experiment.

I. INTRODUCTION

The K+ meson with its relatively weak nuclear interac-
tions has attracted much interest as a probe of the nuclear
interior. ' This promise has been clouded by a persistent
discrepancy between theoretical calculations and the best
available experimental data. In this paper we address the
following questions: (1) How serious is the deviation from
experiment? (2) Can nuclear medium effects account for
the discrepancy?

As a tool to investigate these issues we use a first-order
optical model which was derived from a three-body
model. This model, previously applied to pion scattering,
incorporates binding, Pauli blocking, recoil, and off-shell
effects within a consistent theoretical framework. ' In
brief, our answers to the questions posed are the follow-
ing: (1) agreement with the existing data on the elastic3

cross sections is marginally satisfactory provided experi-
mental uncertainties are taken into account; calculated to-
tal cross sections are in agreement with experiment only
at the higher energies, and (2) medium effects are signifi-
cant at roughly the 10% level and are calculable.

At the end of the paper we investigate kaon charge ex-

change, an important reaction for its potential in studying
valence neutron densities. The forward cross section is
found to peak at a laboratory kinetic energy of about 220
MeV and reaches a magnitude of about 0.5 mb/sr for a
' C target. The integrated cross section is a mere 0.07 mb
for a 200 MeV (laboratory) kaon on a ' C target and falls
monotonically as the beam energy increases to 400 MeV.

We begin by briefly reviewing the salient features of the
K+ nucleon system for laboratory momenta below 800
MeV/c. The K+ interaction is rather weak on the ha-
dronic scale, corresponding to a mean free path in nuclear
matter of roughly 5 fm, a typical nuclear size. The impli-
cation that multiple scattering (MS) is quite small is con-
firmed by a comparison of the Born approximation with a
full MS calculation as shown in Fig. 1. The correction is
seen to be about 50% in contrast to the "correction" to
pion scattering of a factor of 5 or 10. Consequently, we
are encouraged to describe K+ nucleus scattering by a
first-order optical potential.

There are no clear K+-nucleon resonant or bound states

in this energy region, nor are there any inelastic channels
with the obvious exception of K+,K charge exchange on
neutrons which we will examine later in this paper. The
energy dependence of the cross sections is consequently
smooth. Hence, nuclear binding corrections, which act
approximately as energy shifts, should be modest. The
large medium effects due to annihilation (m.NN~NN)
and delta resonance formation and propagation, which en-
liven the m.-nucleus system, are totally absent from K+-
nucleus scattering. At laboratory momenta much higher
than 0.8 GeV/c single pion production processes such as
KN~K*N and KN~Kh become important and may
complicate the analysis.

Phase shift analyses of the kaon-nucleon system indi-
cate that the s and p waves are most important in this en-

ergy regime, but that higher partial waves are essential for
precision work. Qur approach will be to solve the wave
equation which has an optical potential constructed from
s- and p-wave kaon-nucleon interactions; higher waves are
included through the distorted-wave impulse approxima-
tion (DWIA).

Reliable K-N phase shifts are the cornerstone of any
analysis of K+ nuclear data; an accurate determination of
these is of first priority in any future experimental K+-
nuclear program. The most popular set of phase shifts,
due to Martin, fit the rather sparse K+-N data quite
well. The recent phase shifts of Watts et al. include new
data above about 800 MeV/c and are in substantial agree-
ment with Martin's phase shifts. Further data at low en-
ergies is needed to more accurately determine the lower
energy phase shifts necessary for three-body models.

Summing up, we expect a first-order optical potential
with modest medium corrections and with higher K-N
partial waves included, at least in the DWIA, to well
describe K+ nuclear scattering in the region below 0.8
GeV/c, provided accurate K+-N phase shifts are em-
ployed.

In Sec. II we describe the medium corrected optical po-
tential. Section III begins with an analysis of the medium
effects, continues with a series of calculations incorporat-
ing experimental uncertainties, and concludes with a pre-
diction of charge exchange cross sections. The results are
summarized in Sec. IV.
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FIG. 1. Single Versus multiple scattering. Results of a finite range optical model are compared with the single-scattering approxi-
mation. Corrections due to medium effects (i.e., energy shifted b's and finite interaction range) are shown in (a) for ' C and in (b) for

Ca. Agreement with the data is improved by an overall renormalization (Fig. 3), an angular shift of approximately one degree,

and/or lowering of the beam momentum [Figs. 6(a) and (b)j.

II. FORMALISM

Our optical potential is based upon a three-body system of kaon (K), nucleon (N), and residual nuclear core (C). This
potential was derived in Ref. 7. The major result is

( k
~
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~
k) = g g I d q 'd q p&(q ')p~ (q '+« ')

/ ( —i2q '+bk '
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where k and k ' are kaon momenta in the kaon-nucleus
center-of-mass frame (3 c.m. ). (p'~ rKN(E)

~
p) is the

kaon-nucleon scattering matrix evaluated in the kaon-
nucleon center of mass system (2 c.m. ). A, which labels

the nuclear state, is summed over occupied nuclear levels

and A' summed over all nuclear levels. The effects of
Pauli blocking have been calculated by the method intro-
duced in Ref. 2 and were found to be negligible {& 1%) at
the energies used in this paper. In a semirelativistic pic-
ture the quantities a, b, and e are given, approximately,

toK N{~K+~N+~C)
Q= b=- C=

N+toK (~N+~C)(~K+~N)

with all energies computed in the 3 c.m. The nuclear
wave functions are defined as eigenstates of the equations

vz Q)NCOC

+~NC 0~=E~0~
2M +c (3a)

'7 — —— (toK+ toN)~C
+I'NC 4'~=&~4~

2' 63K+Q)N+ Q) C

In Eqs. (3) the index A denotes collectively n, the radial
quantum number, and I, the orbital angular momentum of
the nuc1ear state. The distinction between Ez and E~,
not made in Ref. 7, provides for the proper transforma-
tion between the 2 c.m. and 3 c.m. coordinate frames.
The eigenstates p~ and (T)~ are identical when VNc is an
infinite square well potential, although the energies differ
due to the reduced mass factors. For s and p waves the t
matrix is chosen to be
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where p2(E) is the on-shell kaon momentum in the 2 c.m.
and we have defined

ft(E) =(&+ I)ft+(E)+&ft (E),
where + refers to j=l+ —,',

We have used symmetric spin and isospin amplitudes as
befits closed shell nuclei with X=Z. The reader is re-
ferred to the work of Martin for the spin-isospin analysis
and the parametrization of the phase shifts. After partial
wave analysis the optical potential becomes, including
recoil terms,
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FICx. 2. Cross section dependence on the range of the KN interaction The parameter d. escribing interaction range of the KN in-

teraction is defined in Eq. (5). The sensitivity to variations in the parameter is greater for larger nuclei [Ca in (bl] than for lighter

ones [C in (a)]. In any case the variation is much smaller than for pion scattering.
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FIG. 3. Effect of renormajization The th.eoretical cross sec-
tion corresponding to off-shell range 600 has been multiplied by
a factor of (1/0.85) which is consistent with the experimental
uncertainty of the data. A similar improvement is seen for the
Ca data. See Table I for the corresponding values of g .

Recoil and energy shifts have been neglected in the off-
shell factors u(k). The quantum states of the nuclear sin-
gle particle levels are denoted by A (=n, l) and A'
(=n', I') Each. term is a product of two factors. The
first, e.g., bo(E+Ez Ez ), depen—ds on the KN arnpli-
tQdc 3Qd cDcI'gP sPcctrUID. Thc sccoDd& c.g.~ Egg ~~ dc-L

pends only upon the nuclear wave functions. The func-
tions 8, D, E, and F are given in the appendix of Ref. 7.
For example, 8 is defined by
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FlG. 4. Inciusion of anguiar resolution The effect of .folding the angular resolution with the theoretical calculation is to partially
fill in the cross section at the diffraction dip.
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where Q is a Clebsch-Gordan coefficient and Agg ls the
transition form factor connecting the states A and A':

A„„(k)=I r drjl(kr)P„(r)P„(r) . (8)

The complete spectrum of a realistic nuclear well was
used in Ref. 7. Here, as in Ref. 2, we have adopted the
following simpler procedure: each term in V, such as

g bo(E+Ea Ea —)Baa (k, k'),
aa'

is written
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The first term, bo(E, k, k'), is calculated with a very sim-
ple nuclear model, in this case an infinite square well.
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FlG. 5. Effect of uariation of hearn momentum. The calcula-
tion has been done at a beam momentum 3.1% below the nomi-
nal experimental value. This corresponds to a laboratory kinetic
energy of 425 MeV. The principal effects are to raise the cross
section and move the diffraction dip to slightly larger angles.

FIG. 6. Total cross section for X-C scattering The theoretical.
cross sections have been calculated via the optical theorem after
the Coulomb potential has been turned off. The calculated cross
section is roughly 10% below the experimental one for pl, b in
the range 750—1000 MeV/c. It is surprising that the K+-' C
total cross section exceeds six times that of K+d for p~,b in the
range 700—900 MeV/c, since one would expect more nuclear
shadowing in the former case.
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The model dependence is of higher order, largely cancel-
ing between numerator and denominator. The error intro-
duced is small as we are making an approximation to an
already small correction. The issue was explored for
pions (using two very different nuclear models) in our
Ref. 2. For the more weakly interacting K+ the approxi-
mation is even better. The momenta k and k' are set to
the on-shell value pq(E) and the off-shell dependence of
bo is subsumed into the U's of Eq. (5). The second term in
Eq. (9) is the ground state nuclear density as was shown in
Ref. 2. As the differential cross section is sensitive to this
quantity we have computed it with a more accurate nu-
clear density to be described later in this paper.

The wave equation to be solved is

where

PN=
~K.+~N

is the "kaon reduced energy" with respect to the nucleus
and p3 is the momentum in the 3 c.m. The wave equation
was solved in coordinate space where V is an integral
operator obtained from the transform of Eq. (6). V in-
cludes an electrostatic potential derived from the charge
form factor. '

The optical potential [Eq. (1)j contains, in principle,
contributions from all kaon-nucleon partial waves. Equa-
tion (4) includes only s- and p-wave KN interactions.
These are by far the most important ones at 800 MeV/c,
where most of our calculations were performed. This sug-
gests splitting the optical potential into V(s,p), given by
Eq (4), a.nd V(h), generated from d and f partial waves
for the KN system. (g and higher waves are negligible in
the Martin phase shift representation. ) In standard
DULIA fashion we have used the solution of the wave
equation (10) with potential V(s,p) as distorted waves to
evaluate the contribution of V(h) to the nuclear scattering
amplitude. We find that the differential cross section is
increased by about 15% in the angular range 0'—40' for
which data exist. By comparing the contributions of
V(h) to the kaon-nuclear amplitude by use of the

distorted-wave impulse approximation (DWIA) and
plane-wave impulse approximation (PWIA), we estimate
the error incurred by our use of the DWIA is probably
less than 4%. It would be better, of course, to include the
d and f waves exactly, and we intend to do this eventual-
ly, but we believe our DVVIA method is adequate for
present purposes.

200—

I

————— Plane waves

Distorted waves

Total cross section, for
IBC (g+ Ko) IBN

I-
b

l00—

50—

MeV/c are given in Fig. 2(a) for ' C and in Fig. 2(b) for
Ca. In agreement with expectations there is very little

off-shell dependence at the forward angles; however, at
the minima the variation is significant and must be dealt
with. As has been noted by other authors, ' the calcula-
tions lie below the experimental data in the intermediate
angular region. The figure shows that this discrepancy is
not alleviated by varying the range of the potential. The
chi-squared per data point, shown in the first column of
Table I, is especially unsatisfactory for ' C.

The large mass of the kaon suggests that recoil effects
may be significant. To investigate this we omit the last
three ("recoil" ) terms in Eq. (6). These terms would be
absent (i.e., a =0) if the kaon were massless. We find that
these terms have little effect until the dip at 28, in the
case of ' C, where they increase the cross section by about
12%. The secondary maximum is depressed by about
6%%uo. By 50', beyond the available data, the terms raise the
cross section by about 20%. The correction is not larger
because it is proportional to b~, the K+-N p-wave ampli-
tude, whereas the dominant contribution to the optical po-
tential comes from bo, the s-wave amplitude.

Since the correspondence with the experimental data is
not entirely satisfactory we have explored several avenues
to attempt to reconcile theory and experiment:

(1) Marlow et al. state a normalization uncertainty of
18%. The P obtained after scaling the data by a factor

III. RESULTS

As mentioned in Sec. II, we have found Pauli blocking
of intermediate filled nuclear levels to be negligible at the
energies of interest here. %'e expect such corrections to
become important only for laboratory momenta below
about 300 MeV/c.

The off-shell effects due to the finite interaction range
of the KN system are expected to be small because, as is
seen in Fig. 1, multiple scattering is small. The results of
calculations with off-shell ranges of 300, 600, and 900

l
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FIG. 8. Integrated charge exchange cross section on ' C. The
effect of multiple scattering is to reduce the cross section by a
factor of approximately 2. Note the rapid drop in the cross sec-
tion with energy. The off-shell range parameter is 600 MeV/c
for this calculation and that of Fig. 9.
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0.85 is given in Table I. There is a noticeable improve-
ment, especially for carbon, but the theoretical curves
remain below the data. See Fig. 3 for which the theoreti-
cal curves are divided by 0.85.

(2) In Figs. 4(a) and (b) we have folded our theoretical
curves with a Gaussian distribution exp[ ——,

' (8/b, ) j,
where 6 is 0.5, 1.0, or 2.0 deg. This is roughly in accord
with the angular resolution of the data. The 1 deg smear-
ing tends to improve our fit to the data especially for Ca
between 10' and 20', but otherwise is not very important.
It is critically important to have a precise measurement of
the scattering angle in the region of rapid falloff of the
cross section. It is interesting to note that a shift of the
data (or theory) in angle by less than a degree would result
in reasonable agreement without any change in the nor-
malization.

(3) To get a feeling for the sensitivity of the calculation
to uncertainties in the beam momentum, curves are shown
for an incident momentum of 775 MeV/c (or T„b=425
MeV), 3.1%%uo below the published momentum. See Figs.
5(a) and (b). The net effect is to lower the cross section
and slightly increase the angle of the diffraction dip. A
3.1% decrease is unlikdy to be the explanation of the
present discrepancy since the experimental uncertainty in
the beam momentum is estimated to be (1—2%)." In any
ease this exercise emphasizes the necessity of a precise
knowledge of the beam energy if quantitative conclusions
are to be drawn.

(4) If there is significant energy spread in the beam at
the center of the target, theoretical predictions could be
made more realistic by folding the calculated curves with
the experimentalists' best assessment of the beam spec-
trum within the target. Thus we have averaged the cross
section over the energy spread of approximately +3 MeV
across the target. " The alterations are not visible to the
scale of our plots.

The above discussion indicates how inaccuracies in the
normalization, scattering angle, and beam momentum in
certain combinations could account completely for the
discrepancy between theory and experiment. The parame-
ter values in the lower part of Table I lie entirely within
the experimental uncertainties" but give a very satisfacto-
ry X /N. On the theoretical side, the major uncertainties
are the range of the KN interaction, the nuclear density
(for which we have used a body density derived from the
charge density as revealed by electron scattering), and the
accuracy of the input KN phases. As remarked earlier, it
is essential for us to have complete confidence in the input
phase shifts if we are to use this technique for a study of
hadronic single particle densities.

Total cross sections are obtained from the optical
theorem after first turning off the Coulomb interaction.
The results are compared with experiment in Fig. 6.

Next we will assess the prospects of learning the shape
of the single-particle nuclear density from K+ nuclear
scattering. Other studies by Cotanch and Tabakin' and
by Coker, Hoffmann, and Ray' ' indicate that the K+ is
superior to protons for probing the central regions of the
nucleus. Here we will attempt to determine the sensitivity
of the differential cross section to parameters such as the
mean radius, the half-density radius, and the diffusivity of

the surface.
Even if the theory were perfect neither the K+ nucleon

phase shifts nor the K+ nuclear data are yet sufficiently
well determined for a precision mapping of single particle
densities. What we can do is assume (1) the K+ N phase
shifts are exactly as given by Martin, and (2) the density is
given by a model Woods-Saxon form

p(r) =po/I 1+exp[(r —c)/a jj . (12)

Since the nuclei we are considering have X=Z, we have
taken the neutron and proton densities to be equal. The
c-a plane forms a convenient palette for studying the nu-
clear shape within the model. Figure 7 displays curves of
constant rms radius on this plane. The "best" fit of the
single particle density as determined from electron scatter-
ing' is represented by the circled point. "Best" in this
context means that the height at the secondary maximum
and the position of the first dip are correctly reproduced
For scattering through angles of less than 40 deg the re-
sulting form factor is very close to that of electron scatter-
ing, ' where account has been taken of the charge struc-
ture of the proton.

In order to investigate the sensitivity of the scattering
cross section to the form of the nuclear density we solve
the optical model for a given (c,a) and plot the corre-
sponding g with respect to the data. In this way we
develop a 7 surface which indicates both the sensitivity
of the data to variations in a and c and gives us the pre-
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FIG. 9. Forward charge exchange cross section on ' C. The
effect of multiple scattering is to reduce the cross section by a
factor of approximately 2. The peak at 200 MeV laboratory en-
ergy is not reflected in the integrated cross section because of
the rapidly decreasing nuclear form factor.
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ferred values of these parameters. The results of the cal-
culations are plotted in Fig. 7 as iso-g curves. Near the
minima these curves are roughly elliptical in shape with
the major axis lying along the lines of constant rms ra-
dius. From this we conclude that the rms radius is ob-
tained more easily than the individual values of c and a.
A second rather striking result is that the g~ minimum
occurs at substantially smaller rms radius than for the e
scattering density. The poorness of our fit indicates that
even this qualitative result should be viewed with caution.
To test the effect of the normalization uncertainty of 18%
we have recalculated X with the data multiplied by 0.85
and 0.75, which as indicated earlier, greatly improve the
quality of the fits. At the same time the predicted rms ra-
dii are more in agreement with those of electron scatter-
ing. Interestingly, the preferred densities possess a sub-
stantially greater diffusivity than the McCarthy-Sick den-

sity. We emphasize that the shape parameters found here
are not to be taken seriously since the uncertainties in
beam normalization and energy must first be clarified and
the K+ phase shifts measured with higher precision

It should be kept in mind that the body densities ob-
tained from hadron scattering need not in principe/e coin-
cide with those obtained from electron scattering even
though the charge form factor of the nucleon has been re-
moved. For example, the neutron distribution may differ
from the proton's distribution. Corrections due to in-
teractions of electrons and hadrons with non-nucleonic
constituents of the nucleus could also be very different.

We turn finally to charge exchange scattering. As with
positive pion single charge exchange, K+ lnesons can
transfer a single unit of charge to a nucleus, converting a
neutron into a proton. Such processes are potentially ex-
cellent probes of the valence neutron wave function. Be-
cause of the very large distortion of pion waves in nuclear
matter, pion charge exchange is very difficult to analyze.
As multiple scattering is far less important for K+ than
for pion scattering, kaonic charge exchange is potentially
much easier to analyze theoretically than the correspond-
ing pionic process. Furthermore, the outgoing K meson
has a large branching ratio to charged states which aids in
its experimental detection. This is of course balanced
against the much lower intensity and purity of kaon
beams presently available. A machine of the type of
I.AMPF II (Ref. 13) would remedy this problem.

Figure 8 shows the integrated cross section for K+,K
scattering on ' C. The cross section is disappointingly
small and falls rapidly with energy. Figure 9 shows the
corresponding forward differential cross section for the
process. Two salient points are (1) the cross section peaks
at a laboratory energy of about 220 MeV, and (2) the mag-
nitude at the peak is roughly 0.5 mb/sr, a respectable, if
not large, size. The calculation has been performed with
the DULIA in exactly the same manner as in Ref. 2. A
PWIA calculation is also given for comparison. The ef-
fect of distortion is to reduce the cross section by roughly
a factor of 2. At a laboratory energy of 450 MeV, where
nuclear structure studies of the type discussed earlier were
attempted, the charge exchange cross section has already
dropped a factor of 2 from the maximum to roughly 0.25
mb/sr.

IV. SUMMARY

In this paper we have discussed medium corrections for
K+-nucleus elastic scattering and single charge exchange
for kaon beam momenta of 500—800 MeV/c. Summariz-
ing our main conclusions:

(1) The corrections which cause the major difficulties in
pion scattering are much reduced for K+ scattering.
Specifically, Pauli blocking and energy shifts due to the
spectrum of intermediate nuclear states have been found
to be negligible (&1%). Although small in the forward
peak, finite range corrections are seen in Fig. 2 to be signi-
ficant at and beyond the first minimum of the differential
cross section. Recoil corrections are also negligible at
small angles but become important by the first minimum.

(2) s- and p-wave K+-N interactions dominate the opti-
cal potential. d and f waves (collectively) contribute at
the 15% level. We find that they may be included
through the DWIA with an estimated error of less than
4%.

(3) A relationship between experimental uncertainties
and the errors in extracted nuclear shape parameters is in-
dicated in Fig. 7. An accurate knowledge of the overall
normalization of the data is seen to be especially impor-
tant.

(4) When the experimental uncertainties are taken into
account there is presently no firm evidence for a
discrepancy between the experimental differential cross
sections and the theory.

(5) The total cross section data poses an interesting
puzzle. See the caption to Fig. 6.

(6) The integrated cross section for single charge ex-
change, Fig. 8, as would be measured by radiochemical
activation experiments, is 5—10 times smaller than the
corresponding pion cross section. This is small enough to
make such measurements very difficult.

(7) The cross section for forward single charge ex-
change is roughly the same size as that of pions, so that a
"K spectrometer" may be expected to make very useful
contributions to an understanding of valence neutron den-
sities.

(8) The distortion effects in single charge exchange de-
crease the predicted cross sections by roughly a factor of 2
from the PWIA, so they must be treated with some care.

A related work by Chaumeaux and Lemaire' has ap-
peared recently.
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APPENDIX

In this appendix we will give an approximate evaluation
of the three-body optical potential. The result gives in-
sight into the kinematical-aspects of this type of model.
The treatment is entirely nonrelativistic.
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Our starting point is Eq. (1). The basic approximation in this appendix is the assumption that the intermediate
nucleon-core states are free, i e ., plane waves:

(q)~P-(q)=&(p —q),

fdp, E
2n

(Al)

This approximation would hold at high incident energies and with weak nuclear binding potentials. Integration over the
delta functions gives

( k') V(E)
(
k) = f dq (btt(q —eZ)(be(q)( —a(q eZ—)+bk ) E— aq+—bk),

2n
(A2)

where Z =k ' —k is the momentum transfer in the 3 c.m. Assuming that the ground state density may be approximated
by a Gaussian, %exp( —R q ), Eq. (A2) becomes

(k'(V(E)(k) Ã' '' ee ie" Jdqe 'e
(
—a q ——b +bk' e E—

2

[q+ —(k+ k ')]
2 —a q+ —6 +bk

2

(A3)

The effective value at which E is evaluated is

[q+ —(k+ k ')]'
2

As is customary for three-body systems the value of E,ff
extends down to negative infinity as q tends to infinity.
These values are rather unimportant due to the damping
factor exp( —2R q ) in Eq. (A2). The maximum value of
E ff is E and will occur when

q = q() =———(k+ k ') .
2

E, the energy of the kaon in the 3 c.m. , is nearly the labo-
ratory momentum for all but the lightest nuclei. As a
consequence (A3) can include contributions from energies
above the two-body KN energy usually used in the "t-
rho" approximation to the first order optical potential.
The use of a scattering amplitude at this energy may be
interpreted as a coherent effect in which the target nu-
cleon recoils as if it were fixed to the residual nucleus.

Such a kinematical situation could lead to a description of
coherent pion production below the energy at which pions
could be produced off a single nucleon.

To see where contributions to E,fr from E may be im-
portant, note that if the nuclear size is large, the form fac-
tor exp( —2qzR ) in Eq. (A3) will favor q =0 and hence

c (4+k')z
(A4)

8g

For forward scattering k=k', the maximum effective
value is

e k
29

which is simply the KN kinetic energy in the KN center
of mass frame (2 c.m. ). It is at this energy that most opti-
cal models evaluate the elementary projectile-nucleon am-
plitude. For backward scattering, k = —k ' and the
second term in (A4) vanishes. It is thus in the backward
direction that the effective energy becomes nearly the lab-
oratory energy.
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